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Abstract
In this work the geometry of the closed unit ball of A ⊗Mn is considered, where A is a uniform algebra acting on a compact
Hausdorff space Ω . It is proved that every pure state of A ⊗Mn is a Weak∗-exposed point. The closed unit ball of A ⊗Mn is also
shown to have exposed points if and only if Ω admits a diffuse measure.
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1. Introduction
Let (X, τ ) be a complex topological vector space and let C be a convex subset of X . An element x0 ∈ C is said to
be an extreme point of C if the equation x0 = λx1 + (1 − λ)x2 with λ ∈ (0, 1) and x1, x2 ∈ C is satisfied only with
x1 = x2 = x . A refinement of extreme points is the exposed points, which are useful for giving information about the
geometry of spaces. The point ω in a closed convex set C is said to be an exposed point if there exists a τ -continuous
linear functional f on X such that Re f (x) < Re f (ω) for all x ∈ C\{ω}. Such a functional f is called an exposed
functional. We denote the set of all extreme and exposed points respectively by ext and exp.
Suppose that A is a Banach algebra with unit 1. The set S(A) = {ϕ ∈ A∗ : ‖ϕ‖ = ϕ(1) = 1} is called the state
space of A. Since the state space is a Weak∗-compact and convex subset of A∗, then by the Krein–Milman theorem
it has extreme points. The extreme points of the state space are called pure states of A. In [5] it is proved that every
pure state of a unital C∗-algebra is an exposed point of the state space. If Ω is a compact Hausdorff topological space
and C(Ω) is the C∗-algebra of all complex continuous functions on Ω , then C(Ω) ⊗ Mn is the C∗-algebra of all
continuous functions from Ω into the C∗-algebra Mn of all complex n-square matrices and thus every pure state of
C(Ω) ⊗ Mn is an exposed point. Phelps [6] showed that the existence of exposed points in the closed unit ball of
C(Ω) depends on the existence of diffuse measures on Ω . In Theorem 1, we generalize this result.
We concentrate our attention on uniform algebras acting on a compact Hausdorff space Ω . A uniformly closed
subalgebra of C(Ω) containing 1 which separates the points of Ω is called a uniform algebra. By the Hahn–Banach
theorem, every state on a uniform algebra A extends to a state on the C∗-algebra C(Ω), however usually the extension
is not unique. For every ω ∈ Ω , let ϕω be the evaluation functional on A, i.e., ϕω( f ) = f (ω), for all f ∈ A. The
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Choquet boundary of A is the set of all ω ∈ Ω for which the point-mass measure δω is the only representing measure
for ϕω; the Choquet boundary is denoted by c(A). It is well known that every pure state on A has the form of ϕ = ϕω
for some ω in the Choquet boundary of A.
In the present work we first determine the exposed points of the closed unit ball of Banach algebra A ⊗Mn , where
A is a uniform algebra and then establish that every pure state of the state space of A ⊗Mn is a Weak∗-exposed point.
2. Main results
A diffuse measure on Ω is a nonnegative measure which is positive on every nonempty open subset of Ω .
Theorem 1. Suppose that A is a uniform algebra acting on a compact Hausdorff space Ω , and that there is a diffuse
measure μ on Ω . If F ∈ Ball(A ⊗ Mn), and Δ = {x ∈ Ω |F(x)F∗(x) = F∗(x)F(x) = 1} is dense in Ω and
μ(Δ) > 0, then F is an exposed point. If there is no diffuse measure on Ω , then Ball(A ⊗Mn) has no exposed points.
Proof. We suppose that there exists a diffuse measure μ on Ω with μ(Ω) = 1. Define ψ on A ⊗Mn by
ψ(H ) = 1
nμ(Δ)
∫
Δ
tr(H F∗)dμ,
for all H ∈ A ⊗Mn , where tr denotes the canonical trace on Mn . It is clear that ψ is a linear continuous functional
on A ⊗Mn , and ψ(F) = 1. In fact, ψ is an exposed functional, because if H is an arbitrary element in the closed
unit ball of A ⊗Mn and H = F on Δ, then H F∗ = F F∗ = 1. Thus Re tr(H F∗) < n on some open subset U of Ω .
Because μ(U) > 0, we have Re ψ(H ) = 1
n
∫
Ω Re tr(H F
∗)dμ < 1. Suppose now that there is no diffuse measure on
Ω and F is an arbitrary element of the closed unit ball A ⊗Mn , and that ϕ(F) = ‖ϕ‖ = 1 for some ϕ ∈ (A ⊗Mn)∗,
where F = ( fi j ) and fi j ∈ A. Now term-by-term application of the Riesz–Markov theorem yields a matrix [μi j ] of
nonnegative measures μi j on Ω such that μi j (Ω) = 1 and
ϕ(G) =
∑
i, j
∫
Ω
gi j ¯f j i dμ j i ,
for all G = [gi j ] in A ⊗Mn , where the closed support of μi j lies on {ω ∈ Ω : | fi j | = 1} [6]. By assumption, there
exist nonempty open subsets Uij of Ω such that μi j (Uij ) = 0. Suppose that H = [hi j fi j ] ∈ A ⊗Mn , where hi j = 1n2
on Ω\Uij , |hi j | ≤ 1n2 , and hi j (ωi j ) = 1n2 for some ωi j ∈ Uij . Then H is an element in the closed unit ball of A ⊗Mn ,
and ϕ(H ) = 1. Because H = F , the function F is not exposed. 
The following corollary may also be obtained as an application of Theorem 4.2 in [1].
Corollary 1. If there is a diffuse measure on the compact Hausdorff spaceΩ , then each extreme point of Ball(C(Ω)⊗
Mn) is an exposed point.
Proof. By Theorem 1, it is enough to show that the function F is an extreme point of the closed unit ball of C(Ω)⊗Mn
if and only if F(ω) is unitary for all ω ∈ Ω . For this, suppose that F = 12 G + 12 H for some G and H in the unit
ball of C(Ω) ⊗Mn .Then F(ω) = 12 G(ω) + 12 H (ω) and because F(ω) is an extreme point of the unit ball of Mn ,
we have F(ω) = G(ω) = H (ω) which implies that F = G = H . Conversely, let F be an extreme point of the
closed unit ball of C(Ω)⊗Mn and ω ∈ Ω be an arbitrary element. By the polar decomposition we have F(ω) = V P ,
where V is unitary and P is positive (which is determined uniquely). Set W = P + i√1 − P2. Then W is unitary and
P = 12 (W + W∗). Thus F(ω) = 12 (V W + V W∗). Define G, H in C(Ω) ⊗Mn by G(ω) = V W and H (ω) = V W∗,
where V and W are determined by F(ω). Hence F(ω) = 12 G(ω) + 12 H (ω) and so F = 12 G + 12 H , which implies
that F = G = H . Thus F(ω) is unitary. 
Weak∗-exposed points are exposed points with respect to the Weak∗-topology. The Weak∗-exposed points of the
state space of some C∗-algebra are given in [5]. The next theorem enables us to give more examples of these points.
Theorem 2. Let A be a uniform algebra acting on a metrizable compact spaceΩ . Then every pure state of the Banach
algebra A ⊗Mn is a Weak∗-exposed point.
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Proof. Suppose that ϕ is a pure state of A ⊗Mn . Let Eϕ be the set of all state extensions of ϕ. It is clear that Eϕ is
convex and Weak∗-compact. Thus by the Krein–Milman theorem Eϕ has extreme points. Let Φ0 be an extreme point
of Eϕ . It is easy to see that Φ0 is a pure state of C(Ω) ⊗Mn . Because every pure state of C(Ω) ⊗Mn has the form
of a tensor product of an evaluation functional on C(Ω) and a pure state of Mn , thus Φ0 = ϕω ⊗ , for some ω ∈ Ω
and pure state  of Mn . The map h → h ⊗  for a fixed state  of Mn from S(A) into S(A ⊗Mn) preserves linear
combinations and is one-to-one. Now the fact that ϕω is a pure state of A for all ω ∈ c(A) shows that Φ0 = ϕω ⊗ 
for some ω ∈ c(A) and some pure state  ofMn .
Suppose that f ∈ A is a peaking function at ω, i.e., f (ω) = 1 and | f (y)| < 1, for all y ∈ Ω\{ω}. Define
L[ f ](σ ) = σ([ f ]), for all σ ∈ (A ⊗ Mn)∗, where [ f ] is the matrix with entries f . If ψ([ f ]) = 1, for some
ψ ∈ (A ⊗Mn)∗, then
ψ([gi j ]) =
∑
i, j
∫
Ω
gi j f¯ dμ j i ,
ϕx ⊗ ([gi j ]) =
∑
i, j
∫
Ω
gi j f¯ dν j i
for all [gi j ] in A ⊗ Mn , where the (closed) support of μi j and νi j are contained in {γ ∈ Ω : | f (γ )| = 1}. Hence
μi j = νi j = δω. Consequently ϕω ⊗  = ψ . In other words, ϕω ⊗  is a Weak∗-exposed point of the state space of
A ⊗Mn . 
In general, the theorem above is not true for every uniform algebra. Because for n = 1, suppose thatΩ is a compact
Hausdorff space containing a point ω for which {ω} is not a Gδ set (e.g. I = [0, 1] and Ω is the product of I copies
of I , so every point of Ω is not a Gδ). Let A = C(Ω); then the pure states of A still correspond in the usual way to
the points of Ω , but the functional defined by evaluation at ω cannot be a Weak∗-exposed point of the state space of
A, equivalently, ω is not a peak point for some function in C(Ω).
Corollary 2. If A is a uniform algebra on a compact metrizable space Ω , then every extreme point of Ball A∗ is
Weak∗-exposed point.
Proof. First, we indicate how the Arens–Kelley theorem [2] for C(Ω) extends to uniform algebra A to yield
ext Ball A∗ = {eiθϕω : θ ∈ R, ω ∈ c(A)}. It is straightforward to verify that each eiθϕω, where ω ∈ c(A) and θ ∈ R,
is an extreme point of Ball A∗. Conversely, Lemma 6 in ([3]; p. 441) states that ext Ball A∗ ⊆ {eiθϕω : θ ∈ R, ω ∈ Ω};
thus, it is enough to show that if y ∈ c(A), then eiθϕy ∈ ext Ball A∗, for all θ ∈ R. Suppose that y ∈ Ω\c(A)
and eiθϕy ∈ ext Ball A∗ for some θ . Then e−iθ (eiθϕy) ∈ ext Ball A∗, implying that ϕy is a pure state on A, which is
impossible if y does not lie in the Choquet boundary. Now by an argument similar to that presented in the proof of
Theorem 2 we show that each extreme point of Ball A∗ is a Weak∗-exposed point. Suppose that eiθϕw0 ∈ ext Ball A∗
for some θ ∈ R and w0 ∈ c(A). Since Ω is metrizable, there is a peaking function f ∈ A at w0. The evaluation
functional τ ( f )(namely, τ (ψ) = ψ( f ), for ψ ∈ A∗) is an element of A∗∗ and satisfies e−iθ τ f (ϕw0) = f (w0) = 1. If
ψ ∈ Ball A∗ and if e−iθ τ f (ψ) = 1, then there are nonnegative Baire measures μ1 and μ2 for which
ϕw0(g) =
∫
Ω
g f¯ dμ1,
e−iθψ(g) =
∫
Ω
g f¯ dμ2,
for all g ∈ A, and where the closed supports of μ1 and μ2 are contained in {w ∈ Ω : | f (w)| = 1}. Thus,
μ1 = μ2 = δw0 and so ψ = eiθϕw0 . It follows that eiθϕw0 is a Weak∗-exposed point of the unit ball of A∗. 
Remark 1. The fact that every pure state ofMn is an exposed point may be deduced from Theorem 2 by takingΩ to be
a single point. Yet, a direct proof relying only on the fundamental properties of eigenvalues may be considerable. For
this: the state space of S(Mn) is affinely homeomorphic to the set K = {h ∈Mn : h∗ = h, σ (h) ⊂ R0+, trace(h) = 1}
by way of the affine homeomorphism Γ : S(Mn) → K , where if h = Γ (ϕ) for ϕ ∈ Mn , then ϕ(x) = trace(hx), for
all x ∈ Mn . The pure states on Mn are the vector states ϕζ (x) = 〈xζ, ζ 〉, for unit vectors ζ ∈ Cn . Under the map Γ ,
a vector state ϕζ gets mapped to the projection p, where pη = 〈η, ζ 〉ζ , for all η ∈ Cn . Thus p is an extreme point
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of K if and only if p is a projection. Now choose any projection p in K . We show that p is an exposed point. Let f
be the linear functional defined by f (x) = trace(px p). Then f (p) = 1. Choose any h ∈ K . The operator php has
rank 1 and so trace(php) = λ1(php), where given any positive z in the positive cone Mn+, the sequence λ1(z) ≥
λ2(z) ≥ · · · λn(z) ≥ 0 denotes the eigenvalues of z listed in descending order, repeated according to multiplicity. By
Poincare´’s inequality [4] we have f (h) = trace(php) = λ1(php) ≤ λ1(h) ≤ ∑ni=1(λi (h)) = trace(h) = 1. That
is, f (h) ≤ f (p) for all h ∈ K . We show that if h ∈ K and f (h) = 1, then h = p. If h ∈ K and f (h) = 1, then
the inequalities above indicate that 1 = λ1(h) and so h is a rank 1 operator of trace 1; that is, h is a projection. Thus,
h ≤ 1 implies that php ≤ p2 = p. But 1 = f (h) = trace(php) ≤ trace(p) = 1 implies that php is a positive
rank 1 operator of trace 1; hence php is a nonzero projection. Because p is a minimal projection, the inequality
php ≤ p implies that php = p. As h and p are projections, there exist unit vectors η, ζ ∈ Cn such that pν = 〈ν, η〉η
and hν = 〈ν, ζ 〉ζ , for all ν ∈ Cn . In particular, η = pη = phpη = p(hη) = p(〈η, ζ 〉ζ ) = 〈η, ζ 〉pζ . Using the
Cauchy–Schwarz inequality, we obtain 1 = ‖η‖ = |〈η, ζ 〉| ‖pζ‖ ≤ |〈η, ζ 〉| ≤ 1. Thus η and ζ are dependent, i.e.,
ζ = eiθη, for some real number θ . Hence for all ν ∈ Cn , hν = 〈ν, eiθη〉eiθη = e−iθ 〈ν, η〉eiθ η = 〈ν, η〉 = pν; That is,
h = p. Thus the extreme point p of K is an exposed point.
Remark 2. In the proof of Corollary 1 we have generalized a well known theorem that says an element f in the
closed unit ball of C(Ω) is extreme if and only if | f (ω)| = 1 for all ω ∈ Ω (e.g., see [7]).
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